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ABSTRACT
In recent work, a recursive divide-and-conquer approach was developed for path-minimization problems such as the
Traveling Salesman Problem (TSP). The approach is based on multiple-resolution clustering to decompose a problem into
minimally-dependent parts. It is particularly effective for large-scale, fractal data sets, which exhibit clustering on all scales, and
hence at all resolutions. This leads to the application ofwavelets for performing the necessary multiple-resolution clustering.
While the general topic of multiple-resolution clustering via wavelets is relatively immature, it has been explored for certain
specific applications. However, nothing in the literature addresses the specific type of multiple-resolution clustering needed for
the divide-and-conquer approach. That is the primary goal ofthis paper.
Keywords: multiple-resolution clustering, recursive divide and conquer, traveling salesman problem, multiresolution
analysis, path minimization, combinatorial optimization, theorem of orthogonal division errors, random fractals, point processes,
unsupervised clustering.

1. INTRODUCTION
Recent work has proposed a recursive approach to combinatorial optimization, based on the general principle of divide and
conquer.3 The approach is particularly applicable to path minimization problems such as the TSP. TSP-like problems arise
frequently, and strike at the core ofthe limits of computation. Successful approaches to such problems are therefore critical in
our increasingly computer-intensive society.

The recursive divide-and-conquer-approach relies on detecting, at various resolutions, the inherent clustering in data. It
appears to have the greatest advantage for larger data sets which contain clusters at many resolutions. The approach was inspired
by work with fractal data, which does exhibit clustering at all resolutions (scales). The data sets ofinterest are essentially random
(multi)fractal point processes. Of course, random fractal phenomena, including point processes, are ubiquitous in nature. The
multiple-resolution divide-and-conquer approach therefore has potentially broad application.

Mandelbrot's work generated great interest in fractal models.'5 Our understanding of fractals has since become fairly
comprehensive.'6"9'20 Fractal models for continuous signals such as 1/fnoise have been well studied, 'including developments
in modeling fractal signals with wavelets.'8 In fact it appears that wavelets are a natural way to represent fractal signals. While
classical random point processes such as the Poisson are well understood,24 it is only more recently that strictly fractal (nonstationary) models for point processes have been fully developed.22 There has also been recent progress in wavelet approaches
to fractal point processes.2' It appears that a wavelet representation may be as natural for fractal point processes as for fractal
signals.
Wavelets have also been applied to phenomena which are essentially fractal point processes, such as the distribution of matter
in the universe.23 The applications typically attempt to understand structure or features at various resolutions. Such features could

often be considered clusters. The concept of multiple-resolution clustering also appears in the literature for other than point
processes. Examples are found in perceptual grouping,'2 texture analysis,'3 and classification of magnetic resonance imagery.'4
However, despite the progress for specific applications, there does not seem to be a well-developed, general approach to the
formation of clusters at multiple-resolutions, particularly by way of wavelets. There is therefore relatively little to rely on in

Further author information S.E.N.: Email:

snoelnswc.navy.mil

H.H.S.: Email: hszu@nswc.navy.mil

266

Downloaded From: http://proceedings.spiedigitallibrary.org/ on 12/17/2014 Terms of Use: http://spiedl.org/terms

SPIE Vol. 3078 • 0277-786X/971$10.00

trying to do multiple-resolution clustering for the divide-and-conquer approach. The goal of this paper is to begin to make
progress in that direction.
Of course, there are a large number of existing clustering algorithms in the literature, both supervised and unsupervised.
This paper makes no attempt to review them, nor make comparisons to any particular ones — that is left for future work. We do
note however that the recursive divide-and-conquer approach would benefit from nested, unsupervised clustering, which wavelet
clustering seems to exhibit. The wavelet approach also has the advantage ofbeing based explicitly on resolution, in particular

on multiple resolutions. This is precisely the form ofclustering needed by divide and conquer.

2. RECURSIVE DIVIDE AND CONQUER
The general principle ofdivide and conquer is a very obvious and frequently successful approach to problem solving. The
idea is to divide a large problem into pieces, solve the divided sub-problems separately, then combine them into a full solution.
When this approach yields optimal solutions, we say the problem is additive or linear, in the sense that solutions are simply the
sums ofsub-solutions. While this linearity sometimes holds for the TSP, in general it does not. This, along with the factorially

increasing number of possible solutions with respect to problem-instance size, forces a compromise between algorithmic
complexity and solution optimality.

On one extreme are traditional methods such as dynamic programming and branch and bound.' These enumerative
techniques guarantee optimality, but can achieve no better than O(n2) complexity. They are therefore infeasible for larger
problem instances. On the other extreme are heuristic approaches,33 which often explicitly employ some form of divide and

conquer. These have no guarantee for optimality, but they tend to yield acceptable results within a reasonable time.
Unfortunately, solution quality is typically degraded for larger problem instances.
Novel approaches have also been developed which are inspired by optimization processes that occur in nature. They include
neural networks,25'26'27 simulated annealing8'29 genetic algorithms° and the elastic net metho&6 These algorithms employ
implicit, adaptive forms ofdivide and conquer. At the beginning ofthe optimization process, the more global decisions are made.

As the process proceeds, the global parts of the solution tend to become fixed, and only more local decisions are made.
Effectively, the change from global to local optimization corresponds to an increase in the level ofdivide and conquer employed.
In practice the change must be done relatively slowly to maintain solution quality.

When implemented serially, these algorithms represent a compromise, in terms of complexity and optimality, between
enumerative and heuristic techniques. In fact they usually have some mechanism for controlling the compromise. However, they
typically provide obvious opportunities for parallelism, though the parallel speedup is limited by communication costs among
processors.35 The possible speedup has been estimated at 3 order ofmagnitude beyond the serial limit.4
However, 6th-generation neural networks have been built which are asynchronous, lacking the clock-driven, lock-step
communication of conventional parallel machines.34 These have an additional 3 orders of magnitude speedup. Attempts at
explaining this have lead to the realization that an important mathematical principle applies. The principle has been called the
"Theorem ofOrthogonal Division Errors".4 It is based on an isomorphism between the lossless division ofa TSP and the lossless
division of a least-mean-square problem. The division of a TSP into 2 sub-problems is represented by
minJVI2 minIAI2 + minIBI2 + 2 min(A,B)

(1)

Here V is the ensemble "displacement vectors" for all possible TSP tours, and A and B are the displacement vectors for the
2 sub-problems. The theorem states that the division becomes lossless when the inner product (A,B) vanishes, so that the sum
of the sub-solutions is the full solution. The inner product represents the cross-correlation between the 2 sub-problems. The
theorem therefore describes an allocation of sub-problems that minimizes communication among processors. While in general
it is non-trivial and often impossible to completely eliminate the cross-correlation, the goal is to at least minimize it.

An architecture for parallel divide and conquer is shown in Figure 1. A division algorithm splits the problem into subproblems and allocate them among parallel processors. A recombination algorithm then combines the resulting sub-solutions.
The parallel processors could execute optimization algorithms of any type. In fact, the type could be matched to the sub-problem
at hand, based on its size and the desired solution quality.
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Figure 1: Architecture for parallel divide and conquer
However, divide and conquer has a potential for reducing problem complexity that could yield a far greater speedup beyond
parallelism. This makes the approach attractive even when implemented serially. Consider the simple example of an n-city TSP
divided into k equal parts. The number of possible tours in the full problem is n!/n = (n—i)!, disregarding symmetry in the
inter-city distances. As we will later see, the divided sub-problems are optimizations ofHamiltonian paths versus Hamiltonian
loops. Each sub-problem therefore has complexity (n/k —2)!. Since we are solving k sub-problems, complexity with divide and
conquer is k[(n/k — 2)!]. Considering actual numerical values gives a more concrete appreciation ofthe speedup. For example,

a 100-city problem divided 10 times has complexity 10(8 !)4x 1

which is a tremendous improvement over the

original 99! 9x 10 155W This reduction in problem complexity improves for larger n and k. Of course, additional computation
is needed for the division and recombination operations, but in general this should be relatively insignificant.
Having established the desirability of a divide-and-conquer approach, we move on to multiple-resolution divide and conquer.

The Theorem of Orthogonal Division Errors gives no particular prescription for divide and conquer, only the mathematical
necessity of minimizing cross-correlation among sub-problems. Given this, we are led to the idea of clustering for performing
the division, since intuitively, well-separated clusters have minimal cross-correlation. In fact, this appears to be what humans
do when they try to solve TSPs by hand for clustered data. Since we are interested in fractal data, which has clusters at all scales,
we expect to be able to perform the clustering recursively. Such a recursive or nested clustering is shown in Figure 2.

Figure 2: Recursive (nested) clustering of cities

The nested clustering process divides the TSP into sub-problems. We then need to fmd optimal solutions for the subproblems, and fmd a way to combine them. As a human might do when solving a TSP, we fmd the optimal solution for the
highest-level (largest) clusters first. We use some appropriate inter-cluster distance measure for this highest-level optimization,
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such as distances between cluster centers. This is shown in Figure 3(a). We now know the way in which the highest-level
clusters are linked for a near-optimal tour. We can then identify boundary clusters at the next lowest level to actually link the
highest-level clusters. These could be, for example, the closest pairs ofsub-clusters between 2 linked clusters. Figure 3(b) shows
the identification ofthe boundary sub-clusters, which are labeled B. Now within each high-level cluster, we can fmd the optimal
path through the lower-level clusters which begins and ends at the boundary sub-clusters. This is shown in Figure 3(c). We then
form the union of the inter-cluster and intra-cluster links to get the near-optimal tour at the second level of clustering, as shown
in Figure 3(d). We can continue this process recursively until we reach lowest-level clusters of manageable size. In this sense
the higher-level optimal paths constrain the lower-level ones, through the boundary sub-clusters. This is desirable since the
higher-level paths contribute more to overall solution optiniality. This top-down recursion could also be considered a form of
data compression, in the sense that if given a medium of limited bandwidth, the most important parts of the solution could be
communicated first. Intuitively, the optimality of recursive divide and conquer would depend on the degree of inherent clustering
in the data at the various levels.

(a)

(b)

(c)

(d)

Figure 3: Optimization at highest-level of clusters (a), Identification of boundary clusters (b), Optimal
intra-cluster paths for highest-level clusters (c), Optimization at second level of clusters (d)

Finally, we look at a more illustrative example of this recursive
divide and conquer. It plainly shows how multiple levels of clustering

imply multiple resolutions. In the example, a manager for the
fictitious Burger World restaurant chain is given the task of visiting all

the company's locations in the continental US. Attempts at
constructing a minimum-distance itinerary cause him to lose sleep,
until he fmally realizes that the locations are fairly well clustered, so
that he can treat groups of them separately. He need only determine
starting and stopping locations for each group. He further deduces
that he can do this starting with longer groups and working to smaller

and smaller ones. In doing this he needs to work with various
maps of increasing resolution. An example sequence of such maps
is shown in Figure 4.
Figure 4: Illustrative example of divide and conquer
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3. MULTIPLE-RESOLUTION CLUSTERiNG WITH WAVELETS
Recursive divide and conquer requires some form ofnested clustering. As we have seen, this implies clustering at multiple
resolutions. We therefore consider wavelets as the clustering tool, since they are explicitly based on multiple resolutions. We
expect the lower-resolution representations of our data to yield higher-level (larger) clusters, and higherresolution ones to yield
lower-level (smaller) clusters. We will begin with one-dimensional examples and then move to examples on the plane. Of
course, a one-dimensional TSP is trivial, but starting with a treatment in a single dimension allows us to more easily grasp the
ideas.
The multiresolution analysis (MRA) of Mallat7 and Meyers provides representations of data at various resolutions. A onedimensional MRA gives a Jth-level wavelet approximation of a continuous signalf(t) as

ftt)S(t) +D(r)+D(t) +...+D(t)

(2)

The orthogonal signal components SAt), DAt), D1(t), ...,D1 (t) are

S,(r) =: sJk4Jk(t)
(3)

D3(t) = dj,kllJf,k(t)
where k indexes the wavelet translations. Here the s, djb ...,dlk are the wavelet transform coefficients, and the 4Jk(t) and jiJk(t)
are the approximating wavelet functions. The wavelet functions are generated from the father wavelet 4 and mother wavelet

by

J,k(t) =2 i/2( 21k)
.
2 -i/2111(

(4)

2k)

The wavelet coefficients Sjk and dik are

sJk_fJk(t)f(t)dt

(5)

j,k_flVJ,k(t)ftt)dt

It is well known that wavelet transforms can be interpreted as banks of matched filters.'1 The self-similarity (scale
invariance) ofthe filters is consistent with the idea offmdmg similar structure (clusters) in the data at all scales. These matched

filter banks can be implemented in an analog fashion, for example electronically or optically. This has the advantage of
insensitivity to shifts in the data that plagues digital implementations. Shift variance makes it more difficult to develop patternrecognition algorithms in the wavelet transform domain. Unfortunately, the problem of computing the inverse wavelet transform
with analog hardware is largely unsolved.

For digital implementation, the wavelet coefficients are computed with Mallat's fast pyramid algorithm.7 This uses a
low-pass analysis filter L, a high-pass analysis filter H, and a decimation-by-2 operation, as shown in Figure 5. The input to
the pyramid algorithm is the discrete sampled signal

(6)
We assume that the points to cluster are embedded in a real Euclidean space. The points thus need to be discretized as some form

of digital vector (or matrix for higher dimensions). Our idea is to map the points to binary vectors or matrices, where a one
indicates the presence of a point and a zero indicates the absense. We also need to insure that the vectors or matrices have enough
elements to fully resolve the points.
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SI

4
Figure 5: Pyramid algorithm for wavelet decomposition

In practice, we prefer to match the wavelet functions 4 and ji to the characteristics ofthe data. However, this is generally
difficult to accomplish adaptively with a digital implementation. We will therefore experiment with different wavelet functions.
One possibility is the classical Haar wavelet family,9 shown in Figure 6(a). Another is the famous "D4" wavelet of Daubechies,6
the first type of continuous orthogonal wavelet with compact support. The D4 wavelet family is shown in Figure 6(b). We may

wish to have our multiple-resolution clusters "smoother" in some sense, in which cause we may turn, for example, to the
Daubechies "D8" family, which is wider and smoother than the D4.6 The D8 family is shown in Figure 6(c). We may also desire
symmetry from our wavelet basis. We could then use, for example, the Daubechies "S8" family, shown in Figure 6(d), which
was constructed to be as symmetric as possible.6
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Figure 6: Haar (a), Daubechies D4 (b) , Daubechies D8 (c) and Daubechies S8 (d) wavelet families
Figure 7 shows the 2nd level ofMRA using the Haar (b), D4 (c), D8 (d), and S8 (e) wavelet families. The input vector (a)
is reminiscent of a Cantor set, and has 3 levels of clustering. The Haar basis may be more appropriate, since it has abrupt
discontinuities like the data itself. It may also make the design of clustering algorithms easier, since its signals at various
resolutions are less complex, though it may be better to work directly with wavelet coefficients versus signals, regardless of the
wavelet basis. The D4 representation is visibly less smooth, and its pulses are less symmetric than for the D8 and S8. All bases
other than the Haar seem to exhibit an overshoot or ringing effect similar to Gibbs' phenomenon.
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Figure 7: Input vector (a), and MRA for J= 2 for Haar (b), D4 (c), D8 (d), and S8 (e) bases
For the recursive divide-and-conquer approach, we wish to form nested clusters of various sizes, in the sense that larger
clusters "contain" smaller ones. Wavelets seem to provide this, as we see in Figure 8. It is the first 4 levels of MRA for the
Cantor-set example, using the S8 basis. The smoothing effect ofthe low pass filters generates pulses of increasing width, which
eventually merge to become fewer in number. These merged pulses could be interpreted as clusters of the original points. The
MRA provides clusters of various sizes, at the appropriate locations, as the recursive divide and conquer requires. The spatial
coincidence of the pulses at various resolutions also provides information on how smaller clusters are contained in larger ones.
Figure 9 shows this even more clearly. It is the 3rd, 5th, and 7th levels of the same MRA, with vertical rescaling at each level.
Figure 10 shows MRA for a random data set which has more than one level of clustering. The multiple-resolution or nested
clustering effect is also apparent for this data.
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Figure 8: MRA for J = 1,2,3,4 for Cantor-set example

;
i

0

100

200

__
1

0

100

300

400

500

300

400

500

ol NooSo.,.p)

200

NS)

—-________

__________

Figure 9: MRA for J = 3,5,7 with rescaling for Cantor-set example
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Figure 10: MRA for J= 1,2,3,4 for random clustered data

We now move to a 2-dimensional treatment. The most popular 2-dimensional extension ofwavelet decomposition employs
father and mother wavelets as

4(x,y) 4(x)4(y)
(7)

jV(y) i(x)(y)

The mother wavelets analyze structure preferentiality in the direction of their orientation. The wavelet 'P'(xy) is oriented
is oriented diagonally.
horizontally, the wavelet 'JP(x,y) is oriented verticalLy, and the wavelet 'P'(x,y)
The digital wavelet decomposition is implemented with a 2-dimensional pyramid algorithm, as shown in Figure 11. The
input image is decomposed into a smoothed sub-image, and detailed sub-images with horizontal, vertical, and diagonal
orientations. The smoothed sub-image is then further decomposed into smooth and detail sub-images at the next level. The
process is then repeated recursively for J levels. The resulting sub-image is then a MRA approximation of the original signal
at resolution J.
Sub-image
at resolution

Horizontal

J= 2

resolution j =2

Vertical
sub-image at

sub-image at

Diagonal
sub-image at

.

Horizontal sub-image

at resolution i =

1

resolution j =2 resolution j =2

Vertical sub-image

Diagonal sub-image

at resolution j = I

at resolution j =

Figure ii: First 2 levels of 2-dimensional wavelet decomposition
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Figure 12 shows the 2-dimensional MRA for J = 2, 3, 4 for a random, clustered data set. It clearly shows the same
unsupervised clustering effect as for one dimension. Note that the larger, tighter clusters in the original image are represented
as larger-amplitude pulses in the lower-resolution sub-images. This is reasonable, since these clusters contain more of the energy
of the original image. These larger-amplitude pulses also exhibit more ringing, where their amplitude becomes negative. Note
also an edge or boundary effect, in which there are low-resolution pulses in regions which are void of points, for example in the
top left corner.

(c)

(d)

Figure 12: Input (a) and 2-dimensional MRA for resolutions J= 2 (b), 3 (c), and 4 (d)
As for clustering in- general, recursive divide and conquer requires the formation of discrete clusters of points. However,
mere MRA representations at various resolutions do not provide this, since they are continuous. A straightforward approach is
to use threshold values to defme boundary contours for clusters within MRA representations. More precisely, the intersection
of a plane defmed by a constant threshold value and the MRA representation at a given resolution defmes the boundary contour.
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However, as we can see in Figure 13, this straightforward threshold approach is problematic. The figure shows thresholded
MRA representations at the first 5 resolutions for a random, clustered data set. At each resolution, it shows regions for which
the amplitude is above the threshold. Also, regions are "stacked" in order of low to high resolution (in other words, if regions
are in conflict, the higher-resolution ones are shown). The image greyscale is darker for higher resolutions. Parts (a) — (d) each
have a constant threshold for all resolution levels. However the thresholds vary from 0.3, 0.4, 0.5, and 0.6 relative to the
minimum and maximum amplitude at each resolution. While in general the level of threshold is arbitrary, we see that it strongly
affects the clustering at the various resolutions. At lower threshold values, some seemingly unrelated points are clustered
together, and at higher thresholds some points are ungrouped.

(a)

(b)

(c)
(d)
Figure 13 :Thresholded MRA representations for relative thresholds 0.3 (a), 0.4 (b), 0.5 (c), and 0.6 (d)
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After some experience in trying to set thresholds that yield meaningful cluster contours, we realize that in general a constant
threshold is insufficient, even for a single resolution level. In particular, at a given level, different threshold values are needed

at different locations. Thus we desire a more general threshold function. The question remains of how to create it. One
possibility is to form an objective function which specifies the optimality of a given threshold function, according to some set
of clustering criteria. An optimal threshold function could perhaps then be found with some global search algorithm like neural
networks, simulated annealing, or genetic algorithms. One potential candidate is radial basis function neural networks.25 Another

approach may be to deal directly with the wavelet coefficients themselves, rather than the MRA representations, since the
coefficients are already discrete.
Finally we look at the example in Figure 14, which shows how wavelet clustering is affected by the degree of inherent
clustering in the data. The data set in part (a) has a much greater degree of clustering (has tighter clusters) than does the one in
part (c). For both data sets, we use a relative threshold of 0.5 for each resolution level. The clusters for the tighter data set have
more of a nesting (multipleresolution) character. This seems consistent with the idea that the data set in part (c) is more uniform,

so that clusters exist over fewer resolution ranges. We may eventually want to quantify the degree of clustering with
(multi)fractal measures, to more precisely identify how it affects cluster formation.

(c)
(d)
Figure 14: Effect of inherent degree of data clustering on wavelet clusters
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4. APPLICATION OF WAVELET CLUSTERING TO RECURSIVE DIVIDE AND CONQUER
Now that we have introduced the ideas of recursive divide and conquer and multiple-resolution clustering with wavelets,
we apply them to specific examples. We first perform the multiple-resolution clustering of a set of points by the supervised
setting ofMRA thresholds. We then show a near-optimal TSP solution for another set ofpoints using the divide-and-conquer
approach.
Figure 15 shows a set of 100 points divided into clusters by wavelets. Note that the original 100 points were divided into
17 clusters, 10 from level J= 2 and 7 from level J= 3. Note also that the level-3 clusters were further divided into sub-clusters
from level J= 2. The clustering was done by the setting ofappropriate cluster-boundary thresholds on the 2-dimensional MRA
for the points. As already discussed, the setting ofproper thresholds is problematic, because different values are needed for
different regions at each resolution level. Here we set the threshold values by experimentation. In this sense the resulting
multiple-resolution clustering was somewhat supervised, but at this point we are just trying to show the principle. In later work
we will develop less supervised methods of forming discrete clusters.

Figure 15: Multiple-resolution clustering for 100 points

We next do a computational implementation ofa divide and conquer for a 100-point TSP. We first perform a single level
of clustering with the k-means algorithm,37 with the number of clusters k chosen to be 9. For the initial clustering required by
the k-means algorithm we use hierarchial clusters37 with average linkage. The data set with the resulting k-means clusters is
shown in Figure 16(a). To fmd both the inter-cluster and intra-cluster optimal tours, we use a straightforward genetic algorithm30
written in C language. It is the non-overlapping generational model3° with population size 100. Parent selection is done with
stochastic universal sampling,32 a form ofproportional selection. Each generation, the fitness of each member of the population
is scaled linearly to lie between zero and one. The algorithm has permutation encoding,3° with order crossover31 and pairswapping mutation, and operator probabilities of 0.4 and 0.002. For points within clusters, the algorithm was modified to fmd
the optimal path (versus loop) which was constrained by the cluster boundary points. To fmd the boundary points, we use a
simple program which compares distances between all pairs of points between each of the cluster pairs dictated by the optimal
inter-cluster tour, and retains the smallest. The resulting divide-and-conquer solution is shown in Figure 16(b). Note that parts
of the solution are sub-optimal (within clusters 3 and 6). This is caused entirely by the genetic algorithm, and is independent of
the divide-and-conquer approach. In fact it reminds us of the desirability of the divide-and-conquer approach. If the same genetic
algorithm was used for the full problem, without the divide and conquer, the convergence would be extremely slow, and the
resulting solutions would be very poor.
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Figure 16: Problem data set with k-means clustering (a), and divide-and-conquer solution (b)

5. CONCLUSIONS AND REMARKS
We have introduced the strategy of recursive divide and conquer for combinatorial optimization, which is based on the
mathematical principle of orthogonal division errors. We have seen how divide and conquer has the potential for dramatic
speedup of large-scale problems, from both the reduction in problem complexity and the opportunity for parallelism. We
explained that the divide-and conquer approach would benefit from the unsupervised formation of nested clusters at various
resolutions. This led to the idea of forming the clusters with wavelets.
We then demonstrated, by way of multiresolution analysis, that wavelets can indeed provide a nested clustering effect.
Lower-resolutin representations form larger clusters, higher-resolution representations form smaller ones, and spatial coincidence
among the various resolutions provides the nesting information. We also showed how a simple thresholding approach could form
the necessary discrete clusters from the continuous MRA representations, though this simple approach is problematic and needs
improvement. Finally, we used wavelets to form nexted clusters for a specific example, and did a computational divide and
conquer for another example.
In closing, we would like to stress the importance ofeffective methods like divide and conquer for intractable combinatorial
optimization problems like the TSP. These are among the most computationally difficult known problems, and commonly arise
in applications. Examples occur in such diverse areas as commercial product distribution, assignment ofmilitary targets to assets,
postal scheduling, and the providing of humanitarian relief given limited resources.
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